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GRADED GROUP SCHEMES AND GRADED GROUP
VARIETIES
CAMIL I. APONTE ROMA´N
Abstract. We define graded group schemes and graded group varieties and
develop their theory. Graded group schemes are the graded analogue of affine
group schemes and are in correspondence with graded Hopf algebra. Graded
group varieties take the place of infinitesimal group schemes. We generalize
the result that connected graded bialgebras are graded Hopf algebra to our
setting and we describe the algebra structure of graded group varieties. We
relate these new objects to the classical ones providing a new and broader
framework for the study of graded Hopf algebras and affine group schemes.
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1. Introduction
Group schemes and in particular infinitesimal group schemes are very well studied
algebraic and geometric objects. Group schemes are a generalization of algebraic
groups, and infinitesimal group schemes are an important class of group schemes
as they take the role of Lie groups. The main purpose of this paper is to construct
the theory of group schemes in the graded realm, that is, when the coordinate rings
are graded Hopf algebras and the category is that of graded commutative algebras.
This innocent idea of adding the grading can pose some difficulties, especially when
we wish to keep track of the grading in each computation and in each relation we
establish. There are also some subtleties arising from the fact not all graded Hopf
algebras come from ungraded Hopf algebras. The concepts of graded group schemes
and graded group varieties will take the place of group schemes and infinitesimal
group schemes, respectively. Defining and studying these two concepts will be the
main focus of this paper.
In section 2 we define graded group schemes and set up the notation. We also
provide some examples. We then move to section 3 where we introduce graded group
varieties. We give a generalization of the result that connected graded bialgebras
are graded Hopf algebra; in the context of graded group varieties. Our result is
the algebraic analogue of a well known geometric result regarding projective group
schemes.
Connected graded Hopf algebras are reasonably behaved and understood. It turns
out that the coordinate rings of graded group schemes are not necessarily connected,
that is, their degree zero part may not be the ground field. In order to circumvent
this issue, we construct the algebraic connectivization of a graded group scheme
as a connected (in the algebraic sense) graded group scheme, that is, one whose
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coordinate ring is connected. We establish a relation between a graded group variety
and its algebraic connectivization. This allows us to proof one of our main results,
which is the classification of graded group varieties.
Finally in section 4 we define the graded connected and graded separable com-
ponents of a graded group schemes. We show that connectivity of graded group
schemes relate to the connectivity of the graded spectrum, which is also defined. In
section 5 we use the constructions from section 4 in order to give a decomposition
of finite graded group schemes in terms of connected and e´tale components. We
also give examples of such decompositions.
2. Definitions and examples
Definition 2.1. Let GR be the category of (finitely generated) graded commutative
k-algebras, where k is a field. A representable functor G : GRÑ pgroupsq is called
an affine graded group scheme. We will call them gr-group schemes for short.
The graded algebra representing G is denoted by krGs and is called the coordinate
algebra of G. We will drop the word affine from now on, as all our gr-schemes will
be assumed to be affine.
As in the ungraded case, by Yoneda’s Lemma there is an equivalence of categories
between gr-group schemes and graded commutative Hopf algebras.
Remark 2.2. A graded algebra is graded commutative if, for a, b homogeneous el-
ements in A, we have that ab “ p´1q|a||b|ba. Note that this way the multiplication
map frommA : AbAÑ A is a graded algebra map where the multiplication of AbA
is given by pAbAq b pAbAq
AbτbA
// pAbAq b pAbAq
mAbmA
// AbA ,
where τ : AbAÑ AbA is given by τpab bq “ p´1q|a||b|bb a.
Definition 2.3. We denote krx1, . . . , xns
gr to be the graded polynomial ring over k
in n-variable, where xixj “ p´1q
|xi||xj|xjxi. Note that if charpkq ‰ 2, then x
2
i “ 0
if |xi| is odd.
Remark 2.4. When charpkq “ 2, krx1, . . . , xns
gr is just the (ungraded) poly-
nomial ring where the xi’s are graded. For charpkq ‰ 2 a standard notation for
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krx1, . . . , xns
gr is kry1, . . . , ymsbΛpz1, . . . , zkq, where the yi’s are evenly graded and
the zi’s are oddly graded. The yi’s are in the polynomial part (in the traditional
sense) and the zi’s are in the exterior part. We choose not to use this standard
notation for the following reason: the exterior part of the graded polynomial rings
that arise in the ungraded setting is usually ignored. For example, when studying
the cohomology of (ungraded) Hopf algebras or group schemes, people are usually
interested in working with a strictly commutative ring. This not what we want to
do in our setting. Our objects are graded to begin with, and the odd degree part is
as important as the even degree part. With the notation as defined above, we want
to convey to the reader that each element in krx1, . . . , xns
gr plays an important
role. We think of krx1, . . . , xns
gr as the graded version of the polynomial ring and
the fact that x2i may be zero is just a consequence of the graded commutativity.
Definition 2.5. We say that a gr-group scheme G is a finite gr-group scheme if
krGs is finite dimensional. In that case we can define kG as the graded dual of
krGs; kG is a called the group algebra for G.
Definition 2.6. We say that a gr-group scheme G is a positive gr-group scheme if
krGs is positively graded. That is krGs “
À
iě0pkrGsqi.
Definition 2.7. We say that a gr-group scheme is algebraically connected if the
zero degree part is k, that is, pkrGsq0 “ k. This is the same as saying that krGs is
a connected graded Hopf algebra.
2.1. Examples.
Example 2.8. Consider krtsgr where |t| “ i and ∆ptq “ t b 1 ` 1 b t. Then
Homgr´algpkrts
gr, Rq “ pRi,`q
Example 2.9. Let R be a commutative graded ring. Let nilmi pRq “ tx P Ri | x
m “
0u. Let charpkq “ p ą 0 and krtsgr{ptp
r
q with |t| “ i even, if p ą 2, and any degree,
if p “ 2. Then krtsgr{ptp
r
q is a graded commutative Hopf algebra with ∆ptq “
tb 1` 1b t and Homgr´algpkrts
gr{ptp
r
q, Rq “ nilp
r
i pRq is an additive group under
sums. We can see that this group structure arises from the comultiplication of the
algebra, since if x, y P nilp
r
i pRq, where xptq “ x and yptq “ y, then the convolution
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product gives that px˚yqptq “ mpxbyqp∆ptqq “ mpx˚yqptb1`1b tq “ xptqyp1q`
xp1qyptq “ x` y, where we see x and y as functions in Homgr´algpkrts
gr{ptp
r
q, Rq.
Example 2.10 (Dual Steenrod subalgebraAp1q). ConsiderAp1q “ F2rξ1, ξ2s
gr{pξ41 , ξ
2
2q,
where |ξ1| “ 1 and |ξ2| “ 3. The Hopf algebra structure on Ap1q is given by
∆pξ1q “ ξ1 b 1` 1b ξ1, and ∆pξ2q “ ξ2 b 1` ξ
2
1 b ξ1 ` 1b ξ2.
As sets Homgr´algpAp1q, Rq “ G1pRqˆG3pRq where G1pRq “ nil
4
1pRq and G2pRq “
nil23pRq with product given by px, uq ˚ py, vq “ px` y, u` v`x
2yq and inverse given
by px, uq´1 “ px, u` x3q. We will denote the gr-group scheme represented by Ap1q
by S1.
3. Graded group variety
The structure of infinitesimal group schemes is well known, that is, for an infini-
tesimal group scheme, there is a description, as algebras, of its coordinate ring (c.f.
[Wat79, 14.4]). Similarly, in the graded case, the structure of positively graded, al-
gebraically connected Hopf algebras of finite type (each degree finite dimensional)
is also known (c.f. [MM65, 7.8]). In this section we describe the structure of a
class of gr-group schemes which we define and call graded group varieties. A graded
group variety is a graded group scheme that somehow carries the characteristics of
infinitesimal group schemes and algebraically connected Hopf algebra of finite type
that we need to understand their structure. Its coordinate rings is gr-local, just like
for infinitesimal group schemes the coordinate ring is local. Also, the coordinate
ring is of finite type, like the graded Hopf algebras in [MM65].
Definition 3.1. Let G be a gr-group scheme, and let A “ krGs. If A is gr-local,
positively graded, of finite type we say that G is a graded group variety (gr-group
variety). Note that by A.4 if A is positively graded then, A is gr-local is equivalent
to A0 local.
Remark 3.2 (About the choice of name: gr-group variety). In algebraic geometry,
a variety is a scheme which is, in particular, connected and of finite type (in the
geometric sense). Given a gr-group scheme G, we can associate the geometric
object SpecgpAq, where A “ krGs. If G is a gr-group variety, A0 local implies that
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SpecgpAq is connected (c.f. 4.5). Therefore in this sense, gr-group varieties are
connected and of finite type.
Note that an infinitesimal gr-group scheme as defined in 4.6 is a gr-group variety,
but the class of gr-group varieties is broader since it is not required for krGs to be
finite dimensional, but only of finite type.
3.1. Antipode for graded group varieties. As part of our quest of classifying
gr-group varieties, a natural question is: How much information do we need, in
order to understand the graded Hopf algebra structure of a gr-group variety?
In our attempt to answer that question, we give a generalization to the well known
result that states that, if A is an algebraically connected, positively graded bialgebra
then there exists an antipode S constructed from the relations on ε and ∆, making
A into a graded Hopf algebra. See [MM65, Prop. 8.3].
Theorem 3.3. Let A be a positively graded, gr-local bialgebra of finite type, there
exists an antipode map S making A into a graded Hopf algebra, that is, A is the
coordinate ring of a gr-group variety.
Proof. Let pA0,mq be a local ring. Note that ε restricts to a surjective map on A0,
hence, m “ kerpεq X A0 and A0{m – k. If a P A0 we can write a “ λ `m where
λ P k and m P m.
We will describe ∆paq for a P A. First, let a P A0, then ∆paq “
ř
a1 b a2 where
|a1| “ |a2| “ 0. The counit diagram gives us that a “
ř
εpa1qa2 “
ř
a1εpa2q.
Write a1 “ λ1 `m1 and a2 “ λ2 `m2 where λi P k and mi P m, and note that
εpλi `miq “ εpλiq “ λi. So we can write a “
ř
λ1a2 “
ř
a1λ2. Therefore, for
a P A0
∆paq “ ab 1` 1b a`
ÿ
a1 bm2 `
ÿ
m1 b a2.
Ifm P m, we can write ∆pmq “ mb1`1bm`
ř
a1ba2 and rewriting ai “ λi`mi
by the counit map we get that
ř
a1λ2 “
ř
λ1a2 “ 0. Hence we can write
∆pmq “ mb 1` 1bm`
ÿ
m1 bm2,
where mi P m.
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If a is nonzero degree then with similar arguments we can write
∆paq “ ab 1` 1b a`
ÿ
a1 bm2 `
ÿ
m2 b a2 `
ÿ
b1 b b2,
where mi P m, |ai| “ |a| and |bi| ă |a|.
We can derive S using that pS ˚idqpaq “ εpaq1A, where ˚ is the convolution product
for HomalgpA,Aq.
Without loss of generality, a basis for A0 is of the form t1,m1, . . . ,mku, then S
must satisfy
Spmlq `ml `
ÿ
1ďi,jďk
αlijSpmiqmj “ 0,
where αlij P k.
We can rewrite the equation as
Spmlq r1` nls `
ÿ
i‰l
j
αlijSpmiqmj “ ´mj,
where nl “
ř
j αlljmj P m.
Think of the above equation as a pkˆ kq system in A where Spm1q, . . . , Spmkq are
the unknowns. The system corresponds to the matrix»——————–
1` n1 r12 ¨ ¨ ¨ r1n
r21 1` n2 ¨ r2n
...
. . .
...
rn1 ¨ ¨ ¨ 1` nk
fiffiffiffiffiffiffifl ,
where rli “
ř
j αlijmj . By inspection, this matrix’s determinant is in 1`m, hence,
it is invertible and the system has a unique solution as desired.
Let ta1, . . . , anu be a basis for Ak for k ą 0, then S must satisfy
Spalq ` al `
nÿ
i“1
rSpaiqpmli ` Sppmliqais `ÿSpb1qb2 “ 0,
where mli, pmli P m and bi are of lower degree.
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We can rewrite as
Spalqp1 `mllq `
ÿ
i‰l
Spaiqmli “ ´
«
nÿ
i“1
Sppmliqai `ÿSpb1qb2 ` al
ff
.
Note that all the terms in the right hand side are known by induction. Think of the
above equation as an pnˆnq system in A where Spa1q, . . . , Spanq are the unknowns.
The system corresponds to the matrix»——————–
1`m11 m12 ¨ ¨ ¨ m1n
m21 1`m22 ¨ m2n
...
. . .
...
mn1 ¨ ¨ ¨ 1`mnn
fiffiffiffiffiffiffifl .
Just as before, the system has a unique solution as desired. 
As an interesting fact, theorem 3.3 is an algebraic analogue to the following theorem
in algebraic geometry, regarding abelian varieties.
Theorem 3.4. (From [Mum74, Appendix 4]) Let X be a complete variety, e P X
a point, and
m : X ˆX Ñ X
a morphism such that mpx, eq “ mpe, xq “ x for all x P X. Then X is an abelian
variety with group laws and identity e.
Rephrasing, this theorem says that if X is a projective variety with multiplication
and identity, then there exists an inverse making X into a group scheme.
3.2. Algebraic connectivization. Most of the literature regarding graded Hopf
algebras assume these algebras to be algebraically connected. This is not the case
in this article. The next construction is a bridge between the classical setting and
our broader class of graded Hopf algebras.
Definition 3.5. Let A be a graded Hopf algebra. Let κpAq “ A bA0 k. We call
κpAq the algebraic connectivization of A.
Theorem 3.6. Let A be a positively graded Hopf algebra. The algebraic connec-
tivization of A, κpAq is an algebraically connected graded Hopf algebra.
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Proof. The counit and antipode maps for κpAq are given by κpεq “ ε bA0 k and
κpSq “ S bA0 k. The comultiplication is given by the map κp∆q that makes the
following diagram commute.
κpAq
∆bA0k
//
κp∆q &&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Ab pAbA0 kq

κpAq b κpAq
More explicitly if a P A we write
∆paq “
ÿ
|a1|“|a|
a1 b a2 `
ÿ
|b2|“|a|
b1 b b2 `
ÿ
|c1|,|c2|‰|a|
c1 b c2
where |a1| ` |a2| “ |b1| ` |b2| “ |c1| ` |c2| “ |a| then
κp∆qpaq “
ÿ
a1 b εpa2q `
ÿ
εpb1q b b2 `
ÿ
c1 b c2.
With the counit, antipode and comultiplication as above, a quick chasing of dia-
grams shows that κpAq is a graded Hopf algebra over k. Note that its zeroth part
is κpAq0 “ pA bA0 kq0 “ A0 bA0 k – k. Hence κpAq algebraically connected and
that A – pAbA0 kq bA0 – κpAq bA0 as graded algebras. 
Lemma 3.7. Let A be the coordinate ring of a gr-group variety. The connectiviza-
tion κpAq is conormal, in the sense that there exists a short exact sequence of graded
Hopf algebras
kÑ A0 Ñ AÑ κpAq Ñ k.
Proof. It can be easily checked that A0 is the cotensor AκpAqk. 
Since all evenly graded Hopf algebras are Hopf algebras, the previous lemma has
the following remarkable corollary.
Corollary 3.8. Let A be a Hopf algebra which admits a non-trivial grading making
it into the coordinate ring of a gr-group variety. The group SpecA has a non-trivial
normal closed subgroup.
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Lemma 3.9. Let C be a local ring pC,mq with algebra map ∆ : C Ñ C bC of the
form ∆paq “ ab1`1ba`
ř
a1ba2, where a1, a2 P m. If M is a finitely generated
C-module with some map ∆M : M ÑM b C such that for a P C and x PM
‚ ∆M paxq “ ∆paq∆M pxq, where ∆ is the comultiplication on C, and
‚ ∆M pxq “ xb 1` xb b`
ř
b1xb b2, where b, b1, b2 P m
then M is a free C-module.
Proof. Note that the first condition on the statement is saying that M b C is a
C-module via ∆ and that ∆M : M Ñ M bM b C is a C-module morphism. The
proof is by induction on the number of generators of M . Let tx1, . . . , xku be a
minimal set of generators for M over C.
Let M “ Cx. If M is not free, then there exists a P m such that ax “ 0. For
∆M paxq “ xba`xbab`
ÿ
b1xbab2`
ÿ
a1xba2`
ÿ
a1xba2b`
ÿ
a1b1xba2b2
to be zero either the term x b or b a must be zero. The former is a ` ab. If
a` ab “ 0, then a “ 0, since p1` bq is invertible. The latter is
x`
ÿ
if a2“a
a1x`
ÿ
if a2b“a
a1x`
ÿ
if a2b2“a
a1b1x.
In any case, this is of the form xp1 `mq where m P m, which is zero if and only if
x “ 0, this contradicts the fact that x generates M over B.
Let tx1, . . . , xku be a minimal set of generators for M over C. If M is not free over
C, there must exist a relation of the form
a1x1 ` ¨ ¨ ¨ ` akxk “ 0.
By minimality, ai P m. Let M
1 “M{px1q; then a2x2 ` ¨ ¨ ¨ ` akxk “ 0 in M
1. Since
∆M pxq “ px b 1qp1 b 1` 1b b `
ř
b1 b b2q, the map ∆M restricts to M
1 and has
the same form as before, therefore, by induction, a2 “ ¨ ¨ ¨ “ ak “ 0. Similarly, we
can deduce a1 “ 0 by looking at M{px2q. Therefore M is free over C as desired.

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Lemma 3.10. Let A be the coordinate ring of a gr-group variety. Then A is a
graded free A0-module.
Proof. Let pA0,mq be local. Note that since A is a positively graded Hopf algebra
then each An is an A0-module. Also, since A is a positively graded Hopf algebra
A0 is a sub-Hopf algebra of A.
Consider An, as computed in the proof of 3.3, for a P A0 and x P An we have that,
∆paq “ ab 1` 1b a`
ÿ
a1 b a2,
where a1, a2 P m. Similarly
∆pxq “ xb 1` xb b`
ÿ
b1xb b2 `
ÿ
c1 b c2,
where |ci| ă n and b, b1, b2 P m.
When restricting ∆ to ∆An : An Ñ An b A0, An is an A0-module satisfying the
conditions in 3.9. Therefore A is a free A0-module as desired. 
Theorem 3.11. Let A be a coordinate ring of a gr-group variety, then
A – κpAq bA0
as graded algebras.
Proof. The theorem follows from Lemma 3.10. 
3.3. Structure of graded group varieties. We now classify the graded algebra
structure of the coordinate rings of gr-group varieties over perfect fields of char-
acteristic p ą 0. For this we need to recall some known results from [MM65] and
[Wat79].
Proposition 3.12. (From [MM65, 7.8])
Let A be a gr-commutative Hopf algebra over a field k of characteristic p ą 0,
generated by one positively graded element x, then A – krxsgr, or A – krxs
gr
pxpl q
.
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Proposition 3.13. (From [Wat79, 14.4]) Let G be an infinitesimal group scheme
over a perfect field k of characteristic p ą 0, then its coordinate ring, krGs, is
isomorphic, as an algebra, to an algebra of the form:
krGs –
krt1, . . . , tns
ptp
r1
1
, . . . , t
prn
n q
.
Proposition 3.14. (From [MM65, 7.11]) Let G be a positive, algebraically con-
nected, gr-group scheme over a perfect field of characteristic p. If its coordinate
ring, krGs, is of finite type, then is it is isomorphic, as an algebra, to an algebra of
the form below.
(1) If p ą 2 then,
krGs –
krx1, . . . , xn, y1, . . . , yms
gr
pxp
l1
1
, . . . , x
pln
n q
,
where |xi| are even, |yi| are even or odd (of nonzero degrees).
(2) If p “ 2 then,
krGs –
krx1, . . . , xn, y1, . . . , yms
gr
px2
l1
1
, . . . , x2
ln
n q
,
where |xi| and |yi| are nonzero, and even or odd.
Theorem 3.15. Let G be gr-group variety over a perfect field of characteristic p.
Then its coordinate ring, krGs, is isomorphic as an algebra to an algebra of the
form below.
(1) If p ą 2, then
krGs –
krx1, . . . , xn, y1, . . . , yms
gr
pxp
l1
1
, . . . , x
pln
n q
,
where |xi| are even, |yi| are even or odd (including zero degrees).
(2) If p “ 2, then
krGs –
krx1, . . . , xn, y1, . . . , yms
gr
px2
l1
1
, . . . , x2
ln
n q
,
where |xi| is odd or even (including zero) and |yi| is even or odd and
nonzero.
Proof. Given G as above then A “ krGs contains no nontrivial idempotent hence
the degree zero part A0 is a connected Hopf algebra in the ungraded sense, hence
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A0 represents an infinitesimal group scheme. Then A0 is as in 3.13. Consider,
κpAq “ AbA0 k as defined in 3.5; then κpAq is as in 3.14. By 3.11, A – κpAqbkA0
as graded algebras, hence the result follows. 
4. Graded connected and graded separable components
Given a positive, gr-group scheme G, we define the gr-connected component G0,
and the gr-group of connected components pi0G associated to it.
Definition 4.1. Let A “ krGs, we define pi0A to be the largest gr-separable sub-
algebra of A. By C.4, if A is a positively graded k algebra (k not graded), then
pi0A “ pi0A0 where A0 is the degree zero part of A. Hence
pi0GpRq “ Homgr´algppi0A,Rq “ Homalgppi0A0, Rq “ Homalgppi0A0, R0q.
In fact, by gr-separable elements over an ungraded field are necessarily trivially
graded.
The gr-group scheme corresponding to pi0A is denoted by pi0G and called the gr-
group of connected components. (Graded separable extensions are defined in C.1.)
Definition 4.2. The inclusion pi0A Ă A gives a map G Ñ pi0G. Let G
0 be the
gr-group scheme corresponding to the kernel of this map, G0 is the gr-connected
component of G.
Theorem 4.3. Let G be a positive, gr-group scheme with coordinate ring A “ krGs.
If A0 is finite dimensional then, pi0A “
ś
i k
s
i , where k
s
i denotes the separable
closure of k in ki.
Proof. Note that since A0 is finite dimensional A0 “
ś
iA
i
0 where each A
i
0 is a
local ring. Then pi0A “ pi0A0. Then pi0A0 “
ś
i pi0A
i
0.
To see that, let s P Ai0 separable over k; then p0, . . . , 0, s, 0, . . .q is in A0 and
separable over k; therefore
ś
i pi0A
i
0 Ď pi0A0.
Let s “ psiq P pi0A0; then sp0, . . . , 0, 1, 0, . . . , 0q “ si P pi0A0 since s and
p0, . . . , 0, 1, 0, . . . , 0q are in pi0A0. Hence the claim is true.
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So now it is enough to show that if pA0,mq is a finite local ring with residue fieldrk then pi0A0 “ rks where rks denotes the separable closure of k in rk. By definition
pi0A0 is a separable subalgebra of A. Hence by the classification of separable alge-
bras, pi0A0 is a product of matrix rings over division rings whose centers are finite
dimensional separable field extensions of k. Since A is commutative it follows that
pi0A0 is a product of separable field extensions of k. Since A0 is local and pi0A0 Ă A,
then it follows that pi0A0 is exactly a separable field extension of k. Every element
in pi0A0 ´ t0u is invertible hence it survives under the quotient A0{m – rk; hence
pi0A0 is a separable field extension of k contained in rk. Thus pi0A0 Ď rks.
Now by [Wat79, 6.8] we have that if pA0,m, rkq is finite dimensional local, then
pi0A “ pi0A0 – pi0pA0{mq – pi0prkq “ rks, hence pi0A “ rks. 
When G be a positive, finite, gr-group scheme, we have a more explicit description
for G0. Let A “ krGs, by B.7 we write A “
śn
i“1 A
i where pAi,miq are gr-local
rings with residue gr-field ki. Let k Ă k
s
i Ă ki, where k
s
i is the gr-subfield of ki
whose homogeneous elements are separable over k.
For a finite gr-group scheme G and A “
ś
iA
i as above, let ei be the identity of
Ai. The counit map ε : AÑ k sends all ei but one to 0, say e0. To see this, notice
that εp1Aq “ 1 and 1A “
ř
i ei. Let εpeiq “ λi P k; since the ei are idempotents
it follow that εpeiq “ εpe
2
i q thus λi “ λ
2
i , which in the case of a field implies that
λi is either zero or one. Now since εp1Aq “ εp
ř
i eiq “
ř
i λi “ 1 then exactly one
of the λi, say λ0 must be nonzero and hence equal to one. Then ε factors through
A0, ε : AÑ A0 Ñ k.
Note that since ε : A Ñ k factors through A0 and ε is surjective then ε : A0 Ñ k
is surjective. We know that k Ă k0 and since pε : A0{m0 “ k0 Ñ k is surjective
it follows by Schur’s Lemma that k0 “ k. Therefore A
0 is a gr-local algebra with
residue gr-field equal to k.
Theorem 4.4. Let G be a positive, finite, gr-group scheme. Then the coordinate
ring for G0 is A0 as above.
Proof. By 4.3 pi0A “
ś
i k
s
i , the map G Ñ pi0G is given by the inclusion pi0A “ś
i k
s
i Ă A. By [Wat79, 2.1] the kernel of G Ñ pi0G is represented by Abpi0A k “
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A{pIXpi0AqA where I “ ker ε is the augmentation ideal. We have that
ś
i‰0 k
s
i Ă I.
We then get that I X pi0A “
ś
i‰0 k
s
i . Therefore A{pI X pi0AqA “ A{p
ś
i‰0 k
s
iAq “
p
ś
iA
iq{p
ś
i‰0 k
s
iA
iq “
ś
iA
i{
ś
i‰0A
i – A0, which is the algebra that corre-
sponds to G0. Thus, A0 is the coordinate ring for G0. 
4.1. The graded spectrum and connectivity. The graded (prime) spectrum,
denoted SpecgpRq, for a graded ring R, is defined and studied in Appendix A. We
give results regarding the graded spectrum of the coordinate ring of a positive,
gr-group scheme.
Proposition 4.5. Let G be a positive, gr-group scheme with A “ krGs and A0
finitely generated. Then pi0G is trivial if and only if Spec
gpAq is connected.
Proof. Since G is positive, pi0A “ pi0A0. Then by [Wat79, 6.6] pi0G is trivial if and
only if SpecpA0q is connected and by A.12, SpecpA0q is connected if and only if
SpecgpAq is connected.

Definition 4.6. A gr-group scheme G is connected if pi0G is trivial. By A.11 G is
connected if and only if krGs contains no nontrivial idempotents.
Remark 4.7. If G is algebraically connected, that is, the zero degree part of krGs
is k then G is connected since krGs contains no nontrivial idempotents.
Definition 4.8. A finite gr-group G is e´tale if krGs is separable. In this case, by
C.4 it follows that if G is positive and e´tale then krGs must be trivially graded.
5. Classification of finite graded group schemes
For the next result we can follow the proof of [Wat79, 6.8] to get the graded version.
Proposition 5.1 (From [Wat79]). Let G be a finite, positive, gr-group scheme over
a perfect field. Then G is the semi-direct product of G0 and pi0G.
Proof. Let A “ krGs. Since A is a product of gr-local rings A “
ś
iA
i, the
nilradical of A is N “
ś
imi and each mi “ pA
iq` ‘ pmiq0, that is, each mi is the
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irrelevant ideal of Ai plus the zeroth part of mi. Then A{N “ A{pN0 ‘ A
`q “
A0{N0, and since A{N is separable (since k is perfect), then by [Wat79, Cor. 6.8]
pi0pAq “ pi0pA0q – A0{N0 “ A{N . Hence, as in [Wat79, 6.8], A{N defines a graded
subgroup scheme of G which is isomorphic to pi0G.
We want the last map in the exact sequence
0 // G0 // G // pi0G
to be surjective. By [Wat79, 6.8] if we look at the zero part of A, A0 we have that
for a graded algebra R,
HomalgpA0, R0q // // Homalgppi0A0, R0q “ Homgr´algppi0A,Rq
is surjective. Let f P pi0GpRq, then by the surjectivity there is a map corresponding
to f , say g P HomalgpA0, R0q. Then we can define pg P GpRq so that it is g in the
zero component and zero elsewhere, hence GpRq “ Homgr´algpA,Rq։ pi0GpRq “
Homgr´algppi0A,Rq is surjective.
Notice that the map
pi0G


// G // // pi0G
corresponds to the composition of mapsś
ksi
// A // A{N –
ś
ksi
which is the identity map. 
Theorem 5.2. Let G be an abelian, finite, positive, gr-group scheme over a perfect
field, then G splits canonically into four factors of the following types:
(1) e´tale with e´tale dual,
(2) e´tale with connected dual,
(3) connected with e´tale dual,
(4) connected with connected dual.
Proof. Since G is abelian we have that G “ G0 ˆ pi0G and when taking duals we
have the following decomposition,
G – G77 – ppG7q0q7 ˆ ppi0pG
7qq7.
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Applying this decomposition to both G0 and pi0G we get that
G0 – ppG0q7q0q7 ˆ ppi0ppG
0q7qq7
which is a product of connected with connected dual and connected with e´tale dual.
Similarly
pi0G – pppi0pG
7qq0q7 ˆ ppi0ppi0pG
7qq7
which is a product of e´tale with connected dual and e´tale with e´tale dual. 
5.1. Examples of decomposition. We provide some examples of the decompo-
sition of G “ G0 ˆ pi0G for finite abelian (gr)-group schemes.
Example 5.3 (Ungraded case; characteristic zero). Consider A “ Rrxs{px3 ´ 1q
where |x| “ 0, εpxq “ 1, ∆pxq “ x b x and Spxq “ x2. By the Chinese Remainder
Theorem we can write A as a product of local rings,
A – Rrxs{px´ 1q ˆRrxs{px2 ` x` 1q – RˆC.
We follow the isomorphism
A – Rrxs{px3 ´ 1q – Rrxs{px´ 1q ˆRrxs{px2 ` x` 1q
by finding nontrivial idempotents of A. We find that two nontrivial idempotents
are e “ 1{3px2 ` x ` 1q and p1 ´ eq “ ´1{3px2 ` x ´ 2q; note that εpeq “ 1
and εp1 ´ eq “ 0. Then Ae – Rrxs{px ´ 1q, Ap1 ´ eq – Rrxs{px2 ` x ` 1q and,
A0 – Rrxs{px ´ 1q – R where A0 is as in 4.4. Hence A0 is a sub-Hopf algebra
with group scheme G0pRq “ teu the trivial group . Now A b C “ C ˆ C ˆ C,
hence A is separable and pi0A “ A, then pi0GpRq “ µ3pRq “ tr P R | r
3 “ 1u and
GpRq “ µ3pRq “ pG
0 ˆ pi0GqpRq.
Example 5.4 (Ungraded case; finite characteristic). Consider B “ F2rxs{px
3´ 1q
where |x| “ 0, εpxq “ 1, ∆pxq “ x b x and Spxq “ x2. By the Chinese Remainder
Theorem
B – F2rxs{px´ 1q ˆ F2rxs{px
2 ` x` 1q – F2 ˆ F2pζq
where ζ is a primitive 3rd root of unity. We follow the isomorphism
B – F2rxs{px
3 ´ 1q – F2rxs{px´ 1q ˆ F2rxs{px
2 ` x` 1q
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by finding nontrivial idempotents of B. We find that two nontrivial idempotents
are e “ px2 ` x ` 1q and p1 ´ eq “ px2 ` xq; note that εpeq “ 1 and εp1 ´ eq “ 0.
Then Be – F2rxs{px´1q, Bp1´eq – F2rxs{px
2`x`1q and, B0 – F2rxs{px´1q –
F2. Hence B
0 is a sub-Hopf algebra with group scheme G0pRq “ teu the trivial
group. Now B b F2 “ F2 ˆ F2 ˆ F2, hence B is separable and pi0B “ B, then
pi0GpRq “ µ3pRq “ tr P R | r
3 “ 1u and GpRq “ µ3pRq “ pG
0 ˆ pi0GqpRq.
Example 5.5 (Graded case; finite characteristic). Let C “ F2rx, ys
gr{px3 ´ 1, y2q
where |x| “ 0, |y| “ 1, εpxq “ 1, εpyq “ 0, ∆pxq “ xb x and ∆pyq “ y b 1` 1 b y.
Since tensor commutes with products we have that
C –
`
F2rxs
gr{px´ 1q ˆ F2rxs
gr{px2 ` x` 1q
˘
b F2rys
gr{py2q
–F2rx, ys
gr{px´ 1, y2q ˆ F2rx, ys
gr{px2 ` x` 1, y2q.
This isomorphism is given by two nontrivial idempotents of C. By A.11 the idem-
potents of C are homogeneous of degree zero, therefore the only trivial idempotents
of C are, like in the previous example, e “ px2 ` x ` 1q and p1 ´ eq “ px2 ` xq,
Ce – F2rx, ys
gr{px´ 1, y2q and Cp1´ eq – F2rx, ys
gr{px2` x` 1, y2q. Now pi0C –
F2rxs
gr{px3 ´ 1q and C0 “ F2rx, ys
gr{px´ 1, y2q, also pi0GpRq “ µ3pR0q where R0
is the degree zero part of a commutative graded ring R. Now F2rxs
gr{px´ 1q – F2
and F2rxs
gr{px2 ` x` 1q – F2pζq, where ζ is a 3rd primitive root, are local rings.
Hence C – pF2ˆF2pζqqbF2rys
gr{py2q – F2rys
gr{py2qˆF2pζqrys
gr{py2q where each
term is gr-local, both with unique homogeneous maximal ideal pyq. Now G0pRq “
nil21pRq “ tr P R1 | r
2 “ 0u with group structure given by sum. Now GpRq “
pG0 ˆ pi0GqpRq. Let f, g P GpRq, then f and g are determined by what they sent
x and y to, say fpxq “ r1, gpxq “ r2 P µ3pR0q and fpyq “ s1, gpyq “ s2 P nil
2
1pRq.
Then pf˚gqpxq “ r1r2 and pf˚gqpyq “ s1`s2, hence GpRq “ nil
2
1pRqˆµ3pR0q where
the multiplication is given by ps1, r1q ¨ps2, r2q “ ps1`s2, r1r2q and ps, rq
´1 “ ps, r2q
which corresponds to the antipode map S : C Ñ C where Spxq “ x2 and Spyq “ ´y.
Example 5.6 (Dual Steenrod subalgebra Ap1q). For Ap1q “ F2rξ1, ξ2s
gr{pξ41 , ξ
2
2q,
pi0Ap1q “ F2 hence pi0G “ teu. In fact Ap1q is a gr-local algebra with graded
maximal ideal pξ1, ξ2q and A
0 “ Ap1q therefore G – G0.
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Appendix A. Graded spectrum and graded local rings
Definition A.1. A graded ring R is said to be gr-local if there exists a unique
homogeneous maximal ideal m.
Definition A.2. Let R be a positively graded ring, then R` “
ř
ią0Ri is a
homogeneous ideal and it is called the irrelevant ideal.
From the definition above, we get the following observation.
Remark A.3. Let R be a positively graded ring, for all ideals I of R0, I ‘R` is
a homogeneous ideal for R.
The following proposition is a consequence of the previous remark.
Proposition A.4. Let R be a positively graded ring, then R0 is a local ring if and
only if R is gr-local.
Proposition A.5. If R is positively graded and local (in the ungraded sense), then
R is gr-local.
Proof. Let m be the unique maximal ideal of R. Therefore R` Ă m. Then m is
necessary homogeneous since m “ pR0 Xmq ‘R`. 
Remark A.6. A graded ring may be gr-local but not graded and local. For exam-
ple, consider R “ krxs with |x| “ 1, then R` is the unique maximal homogeneous
ideal of R but R is not local. The reason is that any other maximal ideal of R is
not homogeneous.
Definition A.7. Let R be a graded ring and M a graded R-module. Then the
graded Jacobson radical ofM denoted by JgpMq is the intersection of all gr-maximal
submodules of M .
Remark A.8. By [NVO04, 2.9.1.vi] for a graded ring R, JgpRq is the largest proper
ideal I such that any a P R homogeneous is invertible, if the class of a in R{I is
invertible. In the case of R a gr-local ring with gr-maximal ideal m then JgpRq “ m.
Hence for R gr-local, R{m is a gr-division ring. When R is commutative we get
that R{m is a gr-field. We called that field the residue gr-field of R.
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Definition A.9. (From [NVO04, 2.11]) Let R be a graded ring a graded ideal P
of R is gr-prime if P ‰ R and for graded ideals I and J of R we have I Ă P or
J Ă P only when IJ Ă P .
Definition A.10. (From [NVO04, 2.11]) The set of all gr-prime ideals of R is
denoted by SpecgpRq and it is called the graded (prime) spectrum of R.
Proposition A.11. (From [CVO88, II.2.11]) The idempotents of a graded ring R
are homogeneous of degree zero.
Proposition A.12. Let R be a graded ring, then SpecgpRq is connected if and only
if SpecpR0) is connected, where R0 is the degree zero part of R.
Proof. Note that SpecgpRq is connected if and only if R contains no nontrivial
idempotents, then by 3.14 it is equivalent to R0 having no nontrivial idempotents
which is the case if and only if SpecpR0q is connected. 
Proposition A.13. Let R be a local ring, respectively gr-local, then SpecpRq, re-
spectively SpecgpRq, is connected.
Proof. Let P and Q be gr-prime ideals such that P ` Q “ R and P X Q “ p0q
then there exists a (gr-)maximal ideals m1 and m2 such that P Ă m1 and Q Ă m2.
Now if R is (gr-)local then m1 “ m2 “ m is the unique (gr-)maximal ideal, hence
R “ P `Q Ă m which is a contradiction. 
Appendix B. Graded Henselian rings
Proposition B.1. Any finitely generated gr-module M over a gr-division ring R
has a well defined notion of dimension and M –
řn
i“1Rpaiq where a1, a2, . . . , an
is a minimal set of homogeneous generators or a basis for M . We then denote the
dimension by dimRpMq.
Proof. We claim that a homogeneous set of elements is linearly independent if and
only if they are ‘homogeneously’ linearly independent. That is,
řn
i“1 riai “ 0 for
ri P R implies that ri “ 0 for all i if and only if
řn
i“1 siai “ 0 for si homogeneous
in R implies that si “ 0.
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One direction is clear. Now assume that a1, . . . , an are homogeneously independent,
then let
řn
i“1 riai “ 0 where ri are not necessarily homogeneous, we can rewrite this
sum in terms of homogeneous elements by
řn
i“1 riai “
řn
i“1
ř
jPZpsiqj´|ai|ai “ 0.
Each
ř
jPZpsiqj´|ai|ai is of a different degree, hence for the whole sum over i to be
zero we need each
ř
jPZpsiqj´|ai|ai “ 0. Each
ř
jPZpsiqj´|ai |ai is a homogeneous
linear combination of the ai’s, hence each psiqj´|ai| “ 0, which gives us that each
ri “ 0 as desired. 
Remark B.2. The above proposition allows us to proceed as usual and work with
homogeneous linear combinations where the ‘scalars’ are homogeneous therefore
when nonzero they are invertible.
Proposition B.3. Any finite graded algebra over a graded field is gr-artinian.
Proof. Let A be a finite graded algebra over the gr-field R. Then by B.1 we have
dimRpAq is finite. Let ¨ ¨ ¨ Ă I2 Ă I1 Ă A be a descending chain of ideals. Then by
B.1 we have a chain of inequalities
¨ ¨ ¨ ď dimR I2 ď dimR I1 ď dimR A.
This way we get a decreasing chain of inequalities that cannot continue indetermi-
nately hence the descending sequence of graded ideals stabilizes. 
Definition B.4. A commutative gr-local ring R is gr-henselian if every commu-
tative finite graded R-algebra is gr-decomposed, that is, if it is the direct sum of
gr-local rings.
Remark B.5. By [CVO88, II.3.14] a gr-field is gr-hensenlian. This follows from
B.3.
Corollary B.6 (From Remark B.5). Any commutative finite graded algebra over
a gr-field is the direct sum of gr-local rings.
Corollary B.7. If A is a commutative finite graded algebra over a field k, then
A “
śn
i“1Ai, where each Ai is a gr-local ring where ki are the residue gr-field for Ai
with gr-maximal ideal mi. Moreover the homogeneous elements of the gr-maximal
ideals mi are nilpotent. [Wat79, A.3]
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Appendix C. Graded separable extensions
Definition C.1. Let L be a finite graded field extension of the graded field K.
Then L is a graded separable extension of K if, for each homogeneous element
l P L, the minimal homogeneous polynomial of l over K has distinct roots.
Definition C.2. A finite dimensional graded algebra A is a gr-separable algebra
if it is the product of gr-separable field extensions.
Remark C.3. Let k be a field. A graded field extension of k may be one of the
following; L “ l where l is a field extension in the usual sense, or L “ lrX,X´1s
where l is a field extension in the usual sense.
Remark C.4. Any gr-field of the form LrT, T´1s cannot be a gr-separable exten-
sion for k since T is transcendental over k, even if L is a separable extension of
k.
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